We complete a classification of Cameron-Liebler line classes in PG(3, 5), and show in a uniform way all non-existence results for those in PG(3, q), q ≤ 5.
Introduction
Let PG(n, q) denote the n-dimensional projective space over the finite field F q with q elements. Let A be the point-line incidence matrix of PG(n, q), i.e., the rows of A are indexed by the set of points of PG(n, q), its columns are indexed by the set of lines, and (A) p,ℓ = 1 if p ∈ ℓ, and (A) p,ℓ = 0 otherwise. We consider A as a matrix over Q, and let R(A) denote the row space of A.
A set L of lines of PG(n, q) is called a Cameron-Liebler line class [8] , [22] if its characteristic vector χ L satisfies χ L ∈ R(A). In their study [4] of collineation groups of PG(n, q), n ≥ 3, that have equally many orbits on lines and on points, Cameron and Liebler showed that the characteristic vector of a line orbit of such a group should enjoy this property.
One can see that an empty set of lines, the set Line(H) of all lines in a hyperplane H or, dually, the set Star(P ) of all lines through a point P , and Star(P ) ∪ Line(H) provided that P / ∈ H are examples of Cameron-Liebler line classes. We call these examples trivial. It was conjectured in [4] (cf. [8, Section 6] ) that, up to their complements, these are the only Cameron-Liebler line classes.
The conjecture turned out to be wrong in PG (3, q) : the first counter example was constructed by Drudge [9] , and many more non-trivial line classes have been found during the last decade [2, 5, 6, 7, 11, 12, 14, 16, 25] . However, its validity in PG(n, q) with n > 3 remains an open question.
Cameron-Liebler line classes enjoy a number of properties, which can be taken as their equivalent definitions (see [22, 8] ). In this paper we will focus on PG (3, q) in which case a Cameron-Liebler line class L (with parameter x) can be defined as follows: there exists a non-negative integer x such that every spread S of PG (3, q) shares precisely x lines with L, i.e., |S ∩ L| = x. It immediately follows from this definition that the complementary set L of lines is a Cameron-Liebler line class with parameter q 2 + 1 − x, so we may further assume x ≤ ⌊ q 2 +1 2 ⌋. For the trivial examples listed above, their parameter x is: 0 for the empty set of lines, 1 for Line(H) or Star(P ), and 2 for Line(H) ∪ Star(P ), and these are the only line classes with parameter x ≤ 2.
Despite the fact that the conjecture is wrong in PG (3, q) , the study of Cameron-Liebler line classes in PG (3, q) is still of great interest. We observe that all known non-trivial examples have relatively large parameter x ≃ q 2 /2, although the best known lower bound for the parameter x of a non-trivial Cameron-Liebler line class is x q 4/3 , see [20] . Secondly, for given q, one can try to verify the conjecture in PG(n, q) for all n > 3 provided that a complete list of Cameron-Liebler line classes in PG (3, q) is known, see [8, Section 6.2] , [13] (see also [17, 26] for a higher dimensional generalization of Cameron-Liebler line classes).
The complete lists of Cameron-Liebler line classes in PG (3, 3) and in PG (3, 4) were obtained in [8] and [13] , respectively, see also Section 3.3. Up to their complements and a point-plane duality, the following non-trivial Cameron-Liebler line classes with parameter x are known to exist in PG (3, 5) :
• G with x = 10 constructed in [12] ;
• R with x = 12 constructed in [25] (later generalised in [7] , [16] to an infinite family with x = q 2 −1 2 for q ≡ 5 or 9 (mod 12));
• R + with x = 13 (there exists a plane π 0 that is disjoint with R, see [24] , and R + = R ∪ Line(π 0 ));
• D with x = 13 (a member of an infinite family with x = q 2 +1 2 constructed in [2] );
• P with x = 13 (a member of another infinite family with x = q 2 +1 2 independently constructed in [5] and in [11] ).
Our main result shows that this list is complete. Theorem 1.1 Up to a polarity of PG (3, 5) or taking the complementary set of lines, a non-trivial Cameron-Liebler line class in PG (3, 5) is projectively equivalent to one of the following: G, R, R + , D, P.
This theorem can be used to show that all Cameron-Liebler line classes in PG(n, 5), n > 3, are trivial, see [18] . We were informed by John Bamberg (a private communication) that he found all non-trivial Cameron-Liebler line classes in PG (3, 5) with a stabiliser divisible by an element of order 3, 5, 13, or 31. His result coincides with our list.
Given a Cameron-Liebler line class L with parameter x in PG (3, q) , one can construct three more line classes associated with L: the complementary set of lines L with parameter q 2 + 1 − x, the image L ρ of L under a point-plane duality ρ of PG(3, q) (a dual line class) with parameter x, and a dual line class to L with parameter q 2 + 1 − x. In what follows, we say that L is unique if any Cameron-Liebler line class L ′ with parameter x in PG(3, q) is projectively equivalent to (at least) one of the line classes L, L, L ρ , L ρ .
The paper is organised as follows. In Section 2, we recall the notion of patterns of lines with respect to a Cameron-Liebler line class, which was introduced in [13] . Roughly speaking, given a Cameron-Liebler line class L and a line ℓ of PG (3, q) , the pattern of ℓ w.r.t. L shows how the lines of L interface with the set of plane pencils containing ℓ. The set of all possible patterns may give some insight about the structure of a putative line class L, sometimes enough to show its existence and uniqueness, or its non-existence, see [7, 11, 13, 12] . Unfortunately, the number of admissible patterns quickly grows as q increases, which makes their further "ad-hoc" combinatorial analysis very complicated. In Section 3, we show that such an analysis can be reduced to solving a system of Diophantine equations, and demonstrate how it works for q ∈ {3, 4, 5} (thereby we prove in a uniform way all previously known non-existence results for Cameron-Liebler line classes in PG(3, q) with q ≤ 5). In Section 4, we apply this approach to determine all non-trivial Cameron-Liebler line classes in PG (3, 5) , which shows our main result. In Section 5, we report some computational results for q ≥ 7 and discuss further problems.
Patterns and the modular equality
We first recall some basic properties of Cameron-Liebler line classes.
Result 2.1 ( [4, 22] ) Let L be a Cameron-Liebler line class with parameter x in PG(3, q).
(a) |L| = x(q 2 + q + 1).
(b) For every line ℓ of PG (3, q) , the number of lines of L incident to ℓ equals x(q + 1) + (q 2 − 1)χ L (ℓ).
(c) For any pair of skew lines ℓ, ℓ ′ of PG(3, q), the number of lines of L incident to both ℓ and ℓ ′ equals x + q(χ L (ℓ) + χ L (ℓ ′ )).
Suppose that PG(3, q) contains a Cameron-Liebler line class L with parameter x. Pick a line ℓ of PG (3, q) . Let π 1 , . . . , π q+1 be the q + 1 planes containing ℓ, and P 1 , . . . , P q+1 be the q + 1 points on ℓ. We define a square matrix T (ℓ) = (t ij ) of size q + 1 with integer entries given by
The set consisting of the matrix T , and every matrix obtained from this one by a permutation of the rows and a permutation of the columns is called the pattern of ℓ with respect to L. (Note that the transpose of T corresponds to the pattern of a line with respect to the image of L under a point-plane duality of PG (3, q) .) We represent a pattern by one of its matrices. By slight abuse of notation we also call each matrix of this set the pattern of ℓ. This concept was introduced in [13] where the following result was shown.
Result 2.2 ([13] ) Let L be a Cameron-Liebler line class with parameter x in PG (3, q) . Let ℓ be a line of PG (3, q) , and T = (t ij ) its pattern with respect to L.
(a) For all k, l ∈ {1, . . . , q + 1}
It is known, see [14, Lemma 4.4] , that a Cameron-Liebler line class L with parameter x in PG(3, q) has the following property. If P is a point and π a plane of PG(3, q) with P ∈ π, then the number of lines of L through P plus the number of lines of L in π is congruent to x modulo q + 1 (cf. Result 2.2(a)). Thus, if n is the number of lines of L in some plane, then every plane has congruent to n modulo q + 1 lines of L, and the number of lines of L through any point is congruent to x − n modulo q + 1. The following result determines all admissible values for n, and it provides a strong necessary existence criterion for Cameron-Liebler line classes in PG(3, q).
Result 2.3 ([12]
) Suppose L is a Cameron-Liebler line class with parameter x in PG(3, q). Then, for every plane and every point of PG(3, q), one has
where n is the number of lines of L in the plane respectively through the point.
Thus, if PG(3, q) has a Cameron-Liebler line class with parameter x, then Eq. (1) has a solution for n in the set {0, 1, . . . , q}.
Result 2.3 rules out roughly at least one half of all possible values of x from the set {0, 1, 2, . . . , ⌊ q 2 +1 2 ⌋} (see [12, Section 3] ). However, it gives only a necessary but not sufficient criterion for the existence of Cameron-Liebler line classes: for example, in PG (3, 5) , for x ∈ {4, 5, 6, 8, 9, 10, 12, 13}, Eq. (1) has a solution in n, however, line classes with parameter x ∈ {4, 5, 6, 8, 9} do not exist, [12] . The proof of their non-existence, which was given in [12] , required some ad-hoc combinatorial analysis of admissible patterns. In the next section, we show that this result can be obtained within a more general approach.
Counting patterns
Suppose that PG(3, q) contains a Cameron-Liebler line class L with parameter x. From the solutions of Eq. (1) for n, one can determine all admissible patterns (see Section 3.1), i.e., those square matrices of size q + 1 which satisfy (a)-(c) of Result 2.2. Which of them can really appear as the patterns of lines with respect to L? How many lines of PG(3, q) may have a given pattern with respect to L? It turns out that non-equivalent Cameron-Liebler line classes of PG(3, q) with the same parameter x (for example, D, R + , P described in the introduction) may have different sets of patterns, and thus these questions cannot be answered without knowing the structure of L.
On the other hand, it is clear that the set of patterns w.r.t. L being a subset of the set of all admissible patterns should satisfy certain compatibility properties. In this section, we derive some necessary properties, which can be expressed as a system of Diophantine equations (see Section 3.2). Any (non-negative integer) solution of this system describes a possible structure of L (with regards to the questions above). Conversely, if the system has no solution, this yields the non-existence of Cameron-Liebler line classes with parameter x in PG (3, q) . In particular, this shows in a uniform way all non-existence results for Cameron-Liebler line classes in PG(3, q) for q ≤ 5 (see Section 3.3). Unfortunately, the existence of a non-negative integer solution does not necessarily imply the existence of L, so further analysis may be needed (see Section 4.1).
Generating weights and patterns
For a line ℓ of PG(3, q), each row (column) sum s of the pattern of ℓ with respect to L is the number of lines of L \ {ℓ} through a point (in a plane, respectively) which are incident to ℓ. Then, by Result 2.3, the number n := s + χ L (ℓ) is a solution of Eq. (1). We call n the weight of a point (plane, respectively). For definiteness, suppose that s is the row sum. Then we define:
By Result 2.3 and the preceding discussion, N and M consist of all admissible weights of points and planes with respect to L. (We note that Eq. (1) may admit other solutions, not congruent to n or x − n modulo q + 1, i.e., there may exist several sets of admissible weights.) For a weight w, denote by n w (by m w ) the number of points (planes, respectively) of weight w.
Lemma 3.1 The following holds:
Proof: Eq. (2) is straightforward (its right-hand side equals the number of points/planes). Recall that, by Result 2.1(a), |L| = x(q 2 + q + 1) holds. Every line lies in q + 1 planes and consists of q + 1 points, which gives Eq. (3). For Eq. (4), we count the number of pairs of intersecting lines of L: by Result 2.1(b), each line of L intersects (q + 1)x + q 2 − 1 other lines of L, while every two distinct lines in a plane (on a point) have a point in common.
Observe that, by Result 2.2(b), each pattern is determined by any of its row-column pairs. Let T 1 , . . . , T k 1 be all admissible patterns for lines of L, and T k 1 +1 , . . . , T k 1 +k 0 all admissible patterns for lines of L. Let I 1 := {1, 2 . . . , k 1 } and I 0 := {k 1 + 1, . . . , k 1 + k 0 } denote the corresponding sets of indices of patterns, and set I := I 0 ∪ I 1 .
A system of equations
For a pattern T i , i ∈ I, denote by c i,w (by r i,w ) the numbers of its columns (its rows, resp.) summing to w − χ I 1 (i). We now introduce our main unknowns: let z i , i ∈ I, denote the number of lines
The following holds.
i∈I
Proof: Eq. (5) is straightforward. Each of Eqs. (6)-(9) is obtained by double counting, and we prove only its left part, as the right one follows by a point-plane duality. For Eq. (6) (Eq. (7)) we count the number of pairs (ℓ, π) where ℓ is a line (a line of L, respectively) in a plane π of weight w. For Eq. (8) (Eq. (9)) we count the number of pairs of different planes of the same weight w (of different weights w, w ′ , respectively).
Finally, in order to obtain Eq. (10) we count the number of pairs of concurrent lines (ℓ 1 , ℓ 2 ) with ℓ 1 ∈ L, ℓ 2 ∈ L and ℓ 1 , ℓ 2 ∈ Star(P ) ∩ Line(π) where a plane π has weight w and a point P has weight u. By Result 2.2(a), such a pencil Star(P ) ∩ Line(π) contains precisely (w + u − x)/(q + 1) lines from L. The lemma is proved.
Computational aspects and results
In this section, we discuss solving the system of (Diophantine) equations (2)-(10) with respect to the unknowns m w for all w ∈ M , n u for all u ∈ N , and z i for all i ∈ I. Note that this system is not linear with respect to m w and n u . The system of equations (5)-(10) is linear with respect to the |I| unknowns z i , and it consists of at most 2 + 4(|M | + |N |) + |M | 2 + |N | 2 + |M ||N | equations, however, it appears to be hard to determine its rank (even calculating the precise values of |M |, |N | can be very tedious, see [12, Section 3] ), as its coefficients depend on the structure of all patterns.
We consider the following approach to solving Eqs. (2)- (10) . First, we regard the system of Eqs. (5)-(10) as a system of linear equations with respect to the unknowns z i (so that its left-hand side consists of linear combinations of z i only), and apply the Gaussian elimination procedure to it, in which n u , m w are treated as indeterminates. It may happen that the row-reduced echelon form of the system contains zero equations in its left-hand side with a non-zero right-hand side, which is represented by polynomials in n u , m w of degree at most 2. Therefore, in order the system of Eqs. (5)-(10) to be consistent the polynomials in the right-hand side of the zero equations must be equated to 0. This may provide additional constraints on a solution of Eqs. (2)-(4). Using these additional constraints, with the aid of computer we find all solutions of Eqs. (2)-(4) (perhaps, one can use a more sophisticated approach, e.g., based on a Gröbner basis, however, for our examples considered below a brute force search was sufficient). Let us call such a solution of Eqs. (2)-(4) a feasible weight distribution of planes and points. Further, we substitute every feasible weight distribution back into the row-reduced echelon form of the system of Eqs. (5)- (10) and so obtain a system of linear Diophantine equations with respect to the unknowns z i , and finally solve it with the aid of the MIP solver Gurobi [15] (in general, its rank is less than the number of unknowns).
We now summarize the results for non-trivial Cameron-Liebler line classes in PG(3, q) with q ≤ 5. In PG (3, 2) , all line classes are trivial. In PG (3, 3) , for x ∈ {3, 4}, Eq. (1) has no solution, and for x = 5 there exists a line class (the first counter example to the Cameron-Liebler conjecture found by Drudge [9] ), which is the only non-trivial Cameron-Liebler line class in PG (3, 3) . Let us consider this example in detail in order to illustrate the equations from Sections 3.1 and 3.2.
For q = 3 and x = 5, Eq. (1) admits only two sets of (pairwise congruent modulo q + 1) solutions:
which, by Result 2.2, give the following admissible patterns for lines of L:
and for lines of L: where y, y ′ ∈ {n 2 , n 6 , n 10 } or y, y ′ ∈ {m 3 , m 7 , m 11 }, and C is a number. Clearly, for this example, these zero equations are redundant, as the only feasible weight distribution is uniquely determined from Eqs. (2)- (4) .
We obtain that L consists of 20 lines with pattern T 1 and 45 lines with pattern T 2 , and its complementary set L consists of 20 lines with pattern T 3 and 45 lines with pattern T 4 . One can see that the set P 2 of points of weight 2 is a 10-cap (and thus it is an elliptic quadric, see [1, 21] ), i.e., every line of PG(3, 3) intersects P 2 in at most two points, while the 45 = 10 2 lines with pattern T 4 are the 2-secants to P 2 . It is not difficult to further recover the structure of L as it is described in [9] , and to prove its uniqueness.
For PG (3, 4) , Eq. (1) has no solution when x ∈ {3, 4, 8}. Further, we obtain:
• if x ∈ {5, 6}, then Eqs. • if x = 7, then N = M = {1, 6, 11, 16, 21}. We have 7 admissible patterns for lines of L, and 4 for lines of L. The system of Eqs. (5)-(10) consists of 62 equations, while its rowreduced echelon form consists of 49 equations and has rank 11 with respect to z i (so applying the Gaussian elimination procedure gives 49 − 11 = 38 zero equations with respect to z i ).
The system of Eqs. (2)-(4) together with these 38 equations gives a unique feasible weight distribution, and the row-reduced echelon form of Eqs. (5)-(10) admits a unique solution for z i . The corresponding Cameron-Liebler line class does exist, it was the first example in even characteristic found by Govaerts and Penttila in [14] , its uniqueness was shown in [13] .
For PG (3, 5) , Eq. (1) has no solution when x ∈ {3, 7, 11}. Further, we obtain:
• if x = 4, then Eq. (1) has a solution in n, but there are no admissible patterns satisfying • if x = 12, then N = M = {0, 6, 12, 18, 24, 30}. We have 8 admissible patterns for lines of L, and 8 for lines of L. The system of Eqs. (5)-(10) consists of 84 equations, while its row-reduced echelon form consists of 69 equations and has rank 16 with respect to z i (so applying the Gaussian elimination procedure gives 69 − 16 = 53 zero equations with respect to z i ). The system of Eqs. (2)-(4) together with these 53 equations gives a unique feasible weight distribution, and the row-reduced echelon form of Eqs. (5)-(10) admits a unique solution for z i . As we mentioned in the introduction, the Cameron-Liebler line class R, which was constructed in [25] and generalised to an infinite family in [7] and [16] , has parameter x = 12, however, its uniqueness was not known. In Section 4.2, we analyse the solution of Eqs.
(2)-(10) and prove that R is the only Cameron-Liebler line class with parameter 12 in PG (3, 5) .
• if x = 13, then we have the following two cases: In the first case, the system of Eqs. (5)-(10) consists of 84 equations, while its row-reduced echelon form consists of 69 equations and has rank 20 with respect to z i (so applying the Gaussian elimination procedure gives 69 − 20 = 49 zero equations with respect to z i ). The system of Eqs. (2)-(4) together with these 49 equations gives 3 feasible weight distributions. Substituting each of them into the row-reduced echelon form of Eqs. (5)-(10), we obtain a unique solution for z i , thus, in total the three solutions of Eqs. (2)- (10) . These solutions will be analysed in Section 4.1. We note that one of them corresponds to the Cameron-Liebler line class R + .
In the second case, the system of Eqs. (5)-(10) consists of 71 equations, while its row-reduced echelon form consists of 57 equations and has rank 20 with respect to z i (so applying the Gaussian elimination procedure gives 57 − 20 = 37 zero equations with respect to z i ). The system of Eqs. (2)-(4) together with these 37 equations gives 2 feasible weight distributions, and, for both of them, the row-reduced echelon form of Eqs. Tables 2, 3 , 4, 5, respectively. (Tables 2-12 are given in the appendix). We will refer to them as the solutions #1, #2, and #3 of the first group. Proof: On the contrary, suppose that a Cameron-Liebler line class L with parameter x = 13 in PG(3, 5) corresponds to the solution #1 or #2. It follows from Table 4 that there exists a point P with |Star(P ) ∩ L| = 12. Consider the quotient geometry PG(3, 5)/P on the point P , i.e., a projective plane π ∼ = PG(2, 5) whose points are the lines on P and whose lines are the planes on P . The set Star(P ) ∩ L corresponds to a set B of 12 points of π such that, for any point p ∈ π, the row i p := (|ℓ ∩ (B \ {p})| : ℓ ∈ Star(p)) is permutation-equivalent to one of the following: if p / ∈ B (so that t i is the row of T i that corresponds to a point of weight 12).
Moreover, it follows from Table 5 that z 5 = 1, and so we may assume that there exists a line ℓ ⋆ on P with pattern T 5 , and hence there exists a unique point p ⋆ ∈ B with i p ⋆ = t 5 . An exhaustive computer search shows that no such set B exists in PG (2, 5) .
Let L be a Cameron-Liebler line class with parameter x = 13 in PG (3, 5) that satisfies the solution #3. It follows from Table 4 that there exists a unique plane π 0 with |Line(π 0 ) ∩ L| = 31. Now, L ′ := L \ Line(π 0 ) is a Cameron-Liebler line class with parameter x = 12 in PG (3, 5) , and we consider this line class in the next section.
A Cameron-Liebler line class with parameter x = 12
In the case x = 12, the sets of possible weights are N = M = {0, 6, 12, 18, 24, 30}, and there exists the only feasible weight distribution:
n 0 = 1, n 6 = 31, n 12 = 62, n 18 = 31, n 24 = 31, n 30 = 0, and m w = n w for all w ∈ M . Further, the patterns of lines are given in Tables 6, 7 , and the only solution of Eqs. (5)-(10) is given in Table 8 , respectively. Proof: In order to prove the uniqueness of R, we make use of the following observation, which is based on Result 2.1(c). For a fixed line ℓ ⋆ of PG(3, q), suppose we are given the set L ′ 1 of lines of L ′ that intersect ℓ ⋆ . Then one can uniquely determine the set L ′ \ L ′ 1 by evaluating, for every line ℓ skew to ℓ ⋆ , the number of lines of L ′ 1 that intersect both ℓ ⋆ and ℓ. Thus, all Cameron-Liebler line classes with given parameter x in PG(3, q) can be found by applying this procedure to all possible sets L ′ 1 that are compatible with the pattern of line ℓ ⋆ .
Let e 1 , . . . , e 4 denote the projective points of PG (3, 5) corresponding to the standard basis of F 4 5 . For our purpose, we fix a line ℓ ⋆ := e 1 , e 2 and suppose that it has pattern T 6 represented in Table 1 , where, without loss of generality, π 1 := e 1 , e 2 , e 3 , π 2 := e 1 , e 2 , e 4 , π 3 := e 1 , e 2 , e 3 + e 4 . Our approach is as follows. First, we determine all possible planar sections of L ′ . Note that L ′ is formally self-dual in the sense that its dual line class has the same set of patterns and also satisfies the solution in Table 8 . Further, one can consider all possible realizations of the planar sections in all planes on line ℓ ⋆ , which thereby determine all candidates for L ′ 1 . In order to reduce the amount of computations, we only consider planar sections in the planes π 1 , π 2 , and π 3 (with two cases for the weight of π 3 , which are marked in Table 1 ). For given planar sections in π 1 , π 2 , and π 3 , we then consider the quotient geometries on the points of ℓ ⋆ . Note that the planar sections in π 1 , π 2 , and π 3 already determine all the lines of L ′ on e 1 . For e 2 , these planar sections determine 3 + 4 + 5 = 12 lines out of 18 lines of L ′ on e 2 , and we consider all planar sections of weight 18 corresponding to the quotient geometry on e 2 that match these 12 lines. This gives all candidates for the lines of L ′ on e 2 . The same procedure applies to all points of ℓ ⋆ , which finally gives all candidates for L ′ 1 .
Let us describe some details. An analysis similar to that of the proof of Lemma 4.1 shows that the planar sections of L ′ are projectively equivalent to the following configurations of lines in PG(2, 5):
• weight 6: S 6 := { 1 : 0 : 0 , 0 : 0 : 1 , 0 : 1 : 2 , 1 : 3 : 3 , 1 : 3 : 0 , 1 : 4 : 0 }.
In fact, an analysis similar to that of the proof of Lemma 4.1 gives two non-equivalent configurations of six lines in PG (2, 5) . One of them, namely S 6 , consists of three lines that should have pattern T 3 and three lines that should have pattern T 4 , while the other one consists of six lines that may have pattern T 4 only. As there exist m 6 = 31 planes of weight 6 with respect to L ′ , and two such planes cannot share a line of L ′ , it follows that the union of these 31 planes contains 31 · 6 = 186 lines of L ′ , while z 3 = z 4 = 93. Therefore, the second configuration cannot appear as a planar section with respect to L ′ .
• weight 12: S Similarly to the case of weight 6, there exist two admissible configurations of 24 lines in PG(2, 5). One of them, namely S 24 , contains only one line that should have pattern T 10 , while the other one contains two lines that are supposed to have pattern T 10 . The planes of weight 24 cannot share a line with pattern T 10 , and there exist m 24 = 31 planes of weight 24 with respect to L ′ and z 10 = 31 lines with pattern T 10 . Thus, every plane of weight 24 has only one line with pattern T 10 , and the second configuration cannot appear as a planar section with respect to L ′ .
Further, the set-stabiliser of S
12 has the only orbit on lines that should have pattern T 6 , so, in the plane π 1 , we can consider an arbitrary configuration of 12 lines that is projectively equivalent to S (2) 12 and contains the line ℓ ⋆ (as it is represented in Table 1 ). The set-stabiliser of S 18 has the only orbit on lines that should have pattern T 6 . In the plane π 2 , we consider all configurations of 18 lines that are projectively equivalent to S 18 and contain the line ℓ ⋆ as it is represented in Table  1 , and that are non-equivalent under the action of the point-wise stabiliser of ℓ ⋆ in PG (2, 5) . This gives 4 candidates for a planar section of L ′ in π 2 . In the plane π 3 , we consider all configurations of 6 or 24 lines that are projectively equivalent to S 6 or S 24 , respectively, and contain the line ℓ ⋆ as it is represented in Table 1 . This gives 1200 candidates in the case of weight 6 and 400 candidates in the case of weight 24 for a planar section of L ′ in π 3 .
For all these 1 × 4 × 1200 + 1 × 4 × 400 candidates for the planar sections in π 1 , π 2 , π 3 , the procedure as described above was completed successfully in one case only and returned a line class L ′ , which is projectively equivalent to R. The procedure required a few minutes of CPU time on a single core of Intel Core i5-3360M 2.8 GHz processor.
The second group of solutions in the case x = 13
The patterns of lines, the feasible weight distributions and the solutions of Eqs. (5)-(10) corresponding to the case N = {3, 9, 15, 21, 27}, M = {4, 10, 16, 22, 28} are given in Tables 9, 10 , 11, 12, respectively. We will refer to them as the solutions #1 and #2 of the second group. Proof: Let L be a Cameron-Liebler line class with parameter x = 13 in PG (3, 5) corresponding to the solution #1 of the second group. It follows from Tables 9, 10, 11 that the set of planes of weight 4 plus the only plane π of weight 28 forms a dual 26-cap O ′ , since every line of PG (3, 5) is contained in at most two planes from O ′ . More precisely, the 300 lines with pattern T 10 or T 11 and the 25 lines with pattern T 3 are the secant lines to O ′ , and the 156 lines with pattern T 1 , T 4 , T 7 or T 12 are the tangent lines to O ′ . Now the plane π has the following property: there exists a point P ∈ π such that Line(π) \ Star(P ) ⊂ L and (Star(P ) \ Line(π)) ∩ L = ∅. By [11, Lemma 1] , the switched line class L ⋆ := L ∪ (Star(P ) \ Line(π)) \ (Line(π) \ Star(P )) is a Cameron-Liebler line class with the same parameter x = 13. Moreover, PG (3, 5) contains precisely 26 planes of weight 3 with respect to L ⋆ , and hence, by Lemma 4.3, L ⋆ is projectively equivalent to a line class which is dual to D. 
Concluding remarks
In this section, we present some results regarding Cameron-Liebler line classes with parameter x in PG(3, q) for x satisfying q + 1 ≤ x ≤ ⌊ q 2 +1 2 ⌋ (see [19, 20] ) and q ∈ {7, 8}.
In PG(3, 7), Eq. (1) Finally, we would like to close our paper with the following open problem. In PG (3, 9) , there may exist particularly interesting examples of Cameron-Liebler line classes related to the so-called (a, b)-sets of points in PG(n, q). We say that a set O of points in PG(n, q) such that neither O nor its complement is empty, a point or a hyperplane, is an (a, b)-set, 0 < a ≤ b < q + 1, if every line contains exactly a or b points of O. No examples of such sets O are known if n ≥ 3. It was shown by Tallini-Scafati, see [27, 3] , that if O exists in PG(n, q), n ≥ 3, then q is odd and a square and
where ǫ = ±1, δ = ±1 (the complement to O corresponds to replacing ǫ by −ǫ and δ by −δ). Thus, the first (open) case where such a set O may exist is PG (3, 9) and (a, b) = (2, 5) (we take ǫ = −1). Further, in the case n = 3, it follows from [22, Lemma 8 ] that the set of lines that intersect O in the same number points is a Cameron-Liebler line class. In PG (3, 9) , the corresponding line class should have parameter 32 (if δ = −1) or 9 2 +1 such line classes, however, all their possible planar sections are the (2, 5)-sets in PG (2, 9) , which were found in [23] . Thus, one can try to apply the approach from the proof of Lemma 4.2, which, however, would probably require too much computational effort. 0 0 0 0 0 2  3 3 3 3 3 5  3 3 3 3 3 5  3 3 3 3 3 5  3 3 3 3 3 5  3 3 3 3 
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